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A beam resting on spatially ﬁxed supports may slide relatively to these as soon as external forces are
applied. Consequently, the length of the portion of the reference conﬁguration, which is currently located
between the supports, depends on the loading and therefore is not known in advance. In the present
paper, the problem of a slender beam under a uniformly distributed force is investigated, which is
clamped at one side but may slide through another clamping device in axial direction at the opposite side.
In combination with a suitable coordinate transformation by which the numerical treatment is simpli-
ﬁed, a ﬁnite element approach is utilized to determine the equilibrium shape for the maximum critical
load that can be imposed on the beam. In the course of this, the inﬂuence of the extensibility of the beam
axis is studied. A theory based on Reissner’s geometrically exact relations for the plane deformation of
beams is adapted such that it allows constitutive relations on stress–strain level to be integrated consis-
tently. In addition to the classical equations of the extensible elastica, a constitutive model derived from
the St. Venant–Kirchhoff material of non-linear continuum mechanics is studied. The results obtained in
this survey are ﬁnally compared to those from the linear beam theory, which turns out to be incapable of
describing the problem under consideration in a satisfactory manner.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
In the context of rod-like structures, the term stability often re-
fers to problems of buckling, in which the equilibrium path may
bifurcate as soon as the applied load exceeds a critical value. An
extensive overview on various aspects of this topic is provided in
Simitses and Hodges (2006). In the present work, a problem of
bending is investigated in which a critical load can also be found,
but—in contrast to buckling—equilibrium does not exist beyond
this load. Consider a beam, which is clamped at the left-hand side
and has another clamping device applied at the right-hand side at a
spatially ﬁxed point. This device allows the beam to slide through
freely in axial direction but inhibits the rotation of the cross-
section currently located there, see Fig. 1. Brieﬂy speaking, the
beam may slip out of an oriﬁce at the right side as soon as forces
are applied to it. The length of that part of the beam which is cur-
rently situated in between the two clamping devices depends on
the applied forces and therefore is not known in advance. Neither
is the cross-section which is currently located at the clamping
device on the right-hand side. Examples for settings of this type in-
clude, for instance, hot and cold rolling processes in metal forming.
In literature, problems of this kind are sometimes referred to as
variable-arc-length beams (Chucheepsakul et al., 1995). A bound-
ary setting as described above, however, has not been reportedll rights reserved.
ax: +43 732 2469 6282.
r).so far. Most of the preceding work deals with beams for which
one end is hinged while the other one may slide freely over a fric-
tionless point support. For this type of boundaries, beams sub-
jected to terminal couples (Chucheepsakul et al., 1995, 1994,
1999), as well as concentrated forces, both in a ﬁxed direction
(Wang et al., 1997) and as a follower force (Chucheepsakul and
Phungpaigram, 2004), have been investigated by the research
group of Chucheepsakul. More recently, the studies have been
extended to the static and dynamic behavior of beams under
self-weight, which have been analyzed both analytically and
experimentally (Pulngern et al., 2005b,a). A slightly modiﬁed
boundary setting with one support elevated above the other has
been investigated by Athisakul and Chucheepsakul (2008). The sta-
bility of a beam under a concentrated force, which is clamped at
one end while sliding over a point support at the other, has been
studied by Zhang and Yang (2005). The slip-through of a beam un-
der self-weight resting on two point supports has been examined
by Chen et al. (2010). With the particular choice of boundary con-
ditions in the present paper, the part of the beam in between the
clamping devices is fully decoupled from the outside part without
any idealizing assumptions being necessary, in contrast to those
cases, in which the beam slides over a point support. A similar set-
ting can be found in the contribution by Ro et al. (2010) on the
vibration and stability of a beam with variable length under a com-
pressive force, for which the buckling is constrained by walls par-
allel to the undeformed beam axis. For a closely related problem, in
which the position of an intermediate support with respect to the
Lpz
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Fig. 1. Deformed conﬁguration of a beam under a uniformly distributed load, which
is clamped at the left side and may slide in axial direction at the right side.
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Fig. 2. Kinematics of a Bernoulli–Euler beam.
1302 A. Humer, H. Irschik / International Journal of Solids and Structures 48 (2011) 1301–1310reference conﬁguration is unknown whereas its length is known, a
dynamic stability analysis has been performed by Spelsberg-
Korspeter et al. (2008).
Except for the last reference, in which a linearized beam theory
is utilized, the cited work exclusively deals with the large deforma-
tion of slender beams for which shear deformation can be ignored.
Moreover, only bending deformation is accounted for, which
means that the beam axis is assumed to be inextensible. Originat-
ing in the ideas of Euler and Kirchhoff (e.g. Love, 1944), beams of
this kind are frequently referred to as classical elastica. Likewise,
slender beams which may undergo large deformation are consid-
ered in the present paper. In contrast to the aforementioned contri-
butions, however, the assumption of axial in-extensibility is not
introduced in the following, and the effects resulting from the
extensibility on the critical load and the equilibrium shape will
be discussed. To this end, a theory based on Reissner’s geometri-
cally exact relations for the plane deformation of beams possibly
undergoing ﬁnite-strain (Reissner, 1972) is adopted. Though shear
deformation has also been accounted for by Reissner, it is disre-
garded in the present work. Particularly, an interpretation of Reiss-
ner’s strain measures and stress resultants in terms of quantities of
non-linear continuum mechanics is utilized, which has recently
been presented by Irschik and Gerstmayr (2009). By virtue of this
foundation, it is possible to include constitutive relations on the
stress–strain level, which allows a large variety of material models
to be incorporated consistently into the beam theory. In addition to
the extensible elastica, for which both the bending moment and
the normal force are proportional to the bending strain and normal
force strain, respectively, the St. Venant–Kirchhoff material (SVK)
of non-linear continuum mechanics is investigated in the present
work. This—still rather simple—type of material behavior already
yields a non-linear coupling of bending and axial deformation in
the stress resultants. It turns out that the critical load is effectively
inﬂuenced as soon as axial force strain becomes relevant.
The present paper is organized as follows: in the ﬁrst section,
the material (Lagrangian) representation of the kinematic relations
of the beam is introduced and the corresponding deformation gra-
dient is derived. Afterwards, it is shortly outlined how the strain
measures and stress resultants in Reissner’s theory can be identi-
ﬁed by comparing his variational formulation with the principle
of virtual work of non-linear continuum mechanics, in which the
ﬁrst Piola–Kirchhoff stress tensor is used as the work-conjugate
of the deformation gradient. The stress resultants are presented
for two different constitutive models, whereupon the variational
formulation of the problem under consideration is provided. The
ﬁeld equations, which can be derived from the variational formu-
lation, are given afterwards, complemented by the appropriate
boundary conditions. In the following section, the problem of the
unknown length of the reference conﬁguration, which depends
on the external load imposed on the beam, is addressed and a
coordinate transformation is presented, by which the numericalimplications of the unknown length can be avoided elegantly.
The effects of the coordinate transformation on the previously
introduced quantities and equations are discussed and the modi-
ﬁed principle of virtual work is given. After having laid down an
appropriate representation of the boundary value problem, the ﬁ-
nite element formulation is illustrated brieﬂy and the solution
strategy is explained. With the aid of this formulation, approxi-
mate solutions for the problem under consideration can be ob-
tained and the results are presented in a non-dimensional
framework. In particular, the critical load factor, beyond which
no stable equilibrium exists, is determined for different beam
geometries and the inﬂuence of the respective constitutive behav-
ior is illustrated.
2. Basic equations
In the present section, some relations between structural
mechanics and continuummechanics formulations for beams with
large displacements and displacement gradients, as given by Irsc-
hik and Gerstmayr (2009), are shortly reviewed and extended.
2.1. Kinematics
Prior to themathematical descriptionof the geometryofdeforma-
tion, some basic prerequisites and assumptions need to be intro-
duced. Subsequently, a Cartesian frame (ex,ey,ez) is employed, the
x-axis of which coincides with the straight axis of the beam under
consideration in the undeformed conﬁguration. Further, the present
study is conﬁned to beams which are slender enough for Euler’s and
Bernoulli’s hypothesis to be valid, i.e. throughout the process of
deformation, cross-sections originally perpendicular to the axis in
theundeformed conﬁguration remainperpendicular, aswell asplane
and undistorted. In addition, the deformation induced by external
forces is assumed to take place in the xz-plane only, see Fig. 2.
Identifying the current position of a material point of the beam
axis with the vector r0(X), the position vector of a point which has
initially been at the distance Y and Z to the axis, hence at
X = Xex + Yey + Zez, may be written as
rðXÞ ¼ r0ðXÞ þ Yey þ ZenðXÞ: ð1Þ
In the deformed conﬁguration, the cross-sections are rotated by the
angle u(X) about the y-axis relative to the undeformed state. There-
fore, the unit vector perpendicular to the current axis, which is de-
noted by en, is obtained from
en ¼ ex sinuþ ez cosu: ð2Þ
Accordingly, the unit vector tangential to the current axis e(X)
becomes
e ¼ ex cosu ez sinu: ð3Þ
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position vector of a material point of the axis, which is known to
be coaxial, as
@r0
@X
¼ r00 ¼ K0et ; ð4Þ
where K0 is the ratio of the length of a material line element of the
axis in the deformed and in the undeformed conﬁguration. Primes
are used to indicate the derivative with respect to the axial coordi-
nate X for the sake of brevity.
With the previous relations provided, the deformation gradient
F(X) takes the following form:
F ¼ Gradr ¼ K0 þ Zu0ð Þ cosuex  ex þ sinuex  ez
þ ey  ey  K0 þ Zu0ð Þ sinuez  ex þ cosuez  ez: ð5Þ
According to the polar decomposition theorem, the deformation
gradient may be decomposed uniquely into F = RU, where R is an
orthogonal rotation tensor and U = UT is the symmetric and positive
deﬁnite right stretch tensor. By inspecting Eq. (5), one immediately
ﬁnds, that
R ¼ cosuex  ex þ sinuex  ez þ ey  ey  sinuez  ex
þ cosuez  ez; ð6Þ
as well as,
U ¼ K0 þ Zu0ð Þex  ex: ð7Þ
In physical terms, U represents a state of pure stretch along three
orthogonal axes, and its eigenvalues are called the principal
stretches. Indeed, the principal axes coincide with the Cartesian
coordinate system (et,ey,en). For this reason, K0 + Zu0 is the princi-
pal stretch of a material line element parallel to the beam axis in the
reference conﬁguration, and K0 may consequently be referred to as
principal stretch of the axis. After being stretched, the line elements
undergo a rotation which is described by the rotation tensor R.
Thus, the following relations hold for the unit vectors en and et,
Eqs. (2) and (3):
en ¼ Rez; et ¼ Rex: ð8Þ
In order to ﬁnd approximate solutions, a ﬁnite element formulation
based on nodal displacements and derivatives of the displacements
as degrees of freedom is utilized in the present paper, see Section 4
below. Due to the kinematical assumptions, the three-dimensional
problem is reduced to ﬁnding the displacement ﬁeld of the beam
axis u0, which is deﬁned as
u0ðXÞ ¼ r0ðXÞ  Xex ¼ uðXÞex þwðXÞez: ð9Þ
The components u and w are referred to as axial displacement and
deﬂection, respectively. In terms of these, the principal stretch K0
can be expressed as
K0 ¼ kr00k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ u0Þ2 þw02
q
: ð10Þ
Bearing in mind that r0 is tangential to the axis, the following equa-
tion relates the angle u to the displacement vector:
u ¼  arctan w
0
1þ u0 : ð11Þ
For later use, the derivative of the angle is also given here:
u0 ¼  ð1þ u
0Þw00 w0u00
K20
: ð12Þ2.2. Stress resultants and constitutive modeling
According to Reissner (1972), the virtual work of the internal
forces of a beam of the length l may be written asdWint ¼
Z
l
NdeþMdjð ÞdX; ð13Þ
where N(X) and M(X) denote the normal force and the bending mo-
ment. In this expression, e(X) and j(X) are the corresponding gener-
alized strain measures, and d indicates their variations. In order to
attach a continuum mechanics interpretation to these quantities,
Eq. (13) is compared with the virtual work formulation of non-lin-
ear continuum mechanics, see Irschik and Gerstmayr (2009). In the
present paper, the virtual work of an arbitrary material volume V is
expressed in terms of the deformation gradient F and the ﬁrst Piola–
Kirchhoff stress tensor P as its work-conjugate:
dWint ¼
Z
V
P : dFdV : ð14Þ
From Eq. (5), the variation of the deformation gradient is obtained
as
dF ¼ dK0 cosuþ Zdðu0Þ cosu K0 þ Zu0ð Þdu sinu½ ex  ex
þ du cosuex  ez  dK0 sinuþ Zdðu0Þ sinu½
þ K0 þ Zu0ð Þdu cosuez  ex  du sinuez  ez: ð15Þ
Substituting into Eq. (14) and evaluating the double tensor contrac-
tion yields
dWint ¼
Z
l
Z
A
Pxx dK0 cosuþ Zdðu0Þ cosu K0 þ Zu0ð Þdu sinu½ f
þ Pxzdu cosu Pzx dK0 sinuþ Zdðu0Þ sinu½
þ K0 þ Zu0ð Þdu cosuPzzdu sinugdAdX; ð16Þ
where the volume integral has been split into two integrals over the
cross-section and the length of the beam, respectively. For further
simpliﬁcation, the symmetry condition of the ﬁrst Piola–Kirchhoff
stress tensor,
PFT ¼ FPT; ð17Þ
is utilized, from which one ﬁnds that
Pxz cosu Pzz sinu ¼ Pxx K0 þ Zu0ð Þ sinuþ Pzx K0 þ Zu0ð Þ cosu:
ð18Þ
Inserting this relation into Eq. (16) renders
dWint ¼
Z
l
Z
A
Pxx cosu Pzx sinuð ÞdK0½
þZ Pxx cosu Pzx sinuð Þdðu0ÞdAdX: ð19Þ
Comparing term by term the structure of this equation with Reiss-
ner’s formulation, Eq. (13), one can identify the generalized normal
force strain as
e ¼ K0  1; ð20Þ
and the bending strain as
j ¼ u0: ð21Þ
Analogously, the corresponding stress resultants, i.e. the normal
force and the bending moment, are recognized as
N ¼
Z
A
Pxx cosu Pzx sinuð ÞdA; ð22Þ
M ¼
Z
A
Z Pxx cosu Pzx sinuð ÞdA: ð23Þ
A few remarks should be added here for the sake of complete-
ness. The bending strain j, Eq. (21), is not the geometric curvature
of the beam axis, because the derivative of the angle is not taken
with respect to the current arc-length, but instead with respect
to the referential arc-length X, see Gerstmayr and Irschik (2008)
for a discussion. The stress resultants Eqs. (22) and (23) can be
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Piola–Kirchhoff stress tensor, which is depicted in Fig. 3. In the
Cartesian coordinate system introduced, Pxx and Pzx are the compo-
nents of the Lagrangian stress vector sx acting at a point of a
cross-section that has been perpendicular to the beam axis in the
reference conﬁguration. The stress resultants, however, are formed
by integration of the components of the stress perpendicular to the
cross-section in the deformed state. Projecting the stress vector
onto the beam axis and utilizing Eq. (3), one may write
N ¼
Z
A
sx  etð ÞdA ¼
Z
A
RTsx
 
 ex dA ¼
Z
A
RTPex
 
 ex dA; ð24Þ
for the normal force, and
M ¼
Z
A
Z sx  etð ÞdA ¼
Z
A
Z RTsx
 
 ex dA ¼
Z
A
Z RTPex
 
 ex dA;
ð25Þ
for the bending moment. The tensor T = RTP in the above equations
is referred to as Biot stress tensor, for the axial component of which
one obtains
Txx ¼ Pxx cosu Pzx sinu: ð26Þ
In extension to the linear relations used in the theory of the
extensible elastica, Reissner (1973) introduced constitutive equa-
tions, which may be non-linear and take the form
N ¼ Nðe;jÞ ð27Þ
and
M ¼ Mðe;jÞ; ð28Þ
in the Bernoulli–Euler case. Although a large variety of material
behavior may be described by this means, staying in the context
of structural mechanics, Reissner (1973) suggested to experimen-
tally identify the constitutive relations. With the continuum
mechanics foundation provided in this section, it is possible to
incorporate material behavior on the stress–strain level into the
beam theory, see Eqs. (22) and (23). In the present derivation, the
ﬁrst Piola–Kirchhoff stress tensor has been utilized. An alternative
approach based on the second Piola–Kirchhoff stress tensor has
been presented by Irschik and Gerstmayr (2009). Moreover, if beam
geometries are considered, for which the inﬂuence of shear defor-
mation cannot be neglected, similar relations can be found, see Irsc-
hik and Gerstmayr (2011) for an extension of the relations above.
First, the constitutive behavior of the extensible elastica is stud-
ied. To this end, the deﬁnition of the Biot strain tensor is recalled,
which is related to the right stretch tensor by H = U  I. Assuming a
linear relation between the Biot stress and strain,
T ¼ CB : H; ð29Þ
in which CB denotes the fourth-order elastic modulus tensor, one
obtains the following constitutive equation for the uni-axial state
of strain considered here:Pxx
Pzx
sx
et
en
Fig. 3. The Lagrangian stress vector sx and its components.Txx ¼ YBHxx ¼ YB K0 þ Zu0  1ð Þ: ð30Þ
The material constant YB denotes the CBxxxx component of C
B. If the
beam under consideration is homogenous and the beam axis is cho-
sen in such a way that the ﬁrst moment of area of the cross-sections
vanishes,
Z
A
ZdA ¼ 0; ð31Þ
integration over the cross-section in Eqs. (24) and (25) can be per-
formed, from which one obtains
N ¼ YBAðK0  1Þ ¼ YBAe; ð32Þ
by utilizing Eq. (26), as well as
M ¼ YBJyu0 ¼ YBJyj; ð33Þ
where Jy denotes the second moment of area,
Jy ¼
Z
A
Z2 dA: ð34Þ
The above relations provide a continuum mechanics interpretation
of the theory of the extensible elastica, in which no coupling be-
tween the strain measures emerges in the stress resultants.
This, however, changes with the second constitutive relation
under consideration. For a material of the St. Venant–Kirchhoff
type, the second Piola–Kirchhoff stress tensor S depends linearly
on the Green strain tensor E, i.e. S = CS : E, with the elastic modulus
tensor being denoted by CS here. The ﬁrst and the second Piola–
Kirchhoff stress tensor are related by means of
S ¼ F1P ¼ U1RTP; ð35Þ
where the orthogonality property of the rotation tensor RT = R1 has
been used. From the deﬁnition of the Green strain tensor,
E ¼ 1
2
ðU2  IÞ; ð36Þ
the general form of the constitutive equation is obtained as
RTP ¼ 1
2
U½CS : ðU2  IÞ: ð37Þ
With the kinematical assumptions of the present beam theory, this
may be reduced to the following scalar equation,
Pxx cosu Pzx sinu ¼ 12Y
S K0 þ Zu0ð Þ ðK0 þ Zu0Þ2  1
h i
; ð38Þ
in which the material constant is denoted by YS ¼ CSxxxx. From Eq.
(22), the normal force follows as
N ¼ 1
2
YSK0 AðK20  1Þ þ 3Jyu02
h i
¼ YS Ae 1
2
e2 þ 3
2
eþ 1
 
þ Jy
3
2
eþ 1ð Þj2
 
; ð39Þ
and the bending moment is obtained from Eq. (23) as
M ¼ 1
2
YSj Kyj2 þ 3JyK20  Jy
 
¼ YS Ky 12j
3 þ Jyj
3
2
e2 þ 3eþ 1
  
: ð40Þ
Obviously, the constitutive relations of both the normal force and
the bending moment Eqs. (39) and (40) exhibit a non-linear cou-
pling of bending strain and axial strain. Besides, the fourth-order
moment of area appears in (40), which is denoted by Ky, with
Ky ¼
Z
A
Z4 dA: ð41Þ
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that large compressive strains Exx can be reached by ﬁnite stresses,
which constitutes an unphysical behavior. Nevertheless, the St.
Venant–Kirchhoff material law has proven to be worthwhile in
those frequent cases, in which the Green strains are small, but the
deformation gradients are large. In such a situation, the linearized
expressions for strain would yield erroneously large values of strain.
In Humer and Irschik (2009), a hyperelastic material based on ideas
by Palmov (1998) has been presented.
2.3. Variational formulation and equilibrium relations
According to the principle of virtual work, the virtual work of
the internal forces dWint is balanced by the virtual work of the
external forces dWext. In the present paper, only uniformly distrib-
uted loads are considered. Let px and pz denote the components of
the force vector per unit undeformed length in the horizontal and
vertical direction, p = pxex + pzez, then the virtual work of the exter-
nal forces is given by
dWext ¼
Z
l
p  dudX ¼
Z
l
pxduþ pzdwð ÞdX: ð42Þ
Consequently, the principle of virtual work reads
dWint  dWext ¼
Z
l
NdeþMdj pxdu pzdwð ÞdX ¼ 0: ð43Þ
Analogously to Reissner (1972), the local form of the balance equa-
tions and the corresponding boundary conditions are obtained from
the variational formulation Eq. (43) by substituting the virtual
changes of the strain measures appropriately and subsequent inte-
gration by parts. For a detailed derivation, refer to Irschik and
Gerstmayr (2009). Although the problem is treated by the aid of a
ﬁnite element approach, which is based on the variational formula-
tion, the local form of balance equation is given here for the sake of
completeness:
N0 þM
0
K0
u0 þ n ¼ 0; ð44Þ
u0N  M
0
K0
 0
 q ¼ 0: ð45Þ
In these equations, n and q denote the components of the load vec-
tor represented in the local coordinate system, whose axes are tan-
gential and perpendicular to the beam axis, thus p = net + qen.
Consequently, they are obtained with the aid of the rotation tensor
R as
n ¼ px cosu pz sinu ð46Þ
and
q ¼ px sinuþ pz cosu: ð47Þ
In addition to the variational formulation and the equilibrium
equations, boundary conditions need to be speciﬁed prior to seek-
ing solutions of the problem. At its left-hand side, see Fig. 1, the
beam is clamped, which means that both the displacement of the
axis and the rotation of the cross-section are prohibited. At the
right-hand side, however, the beam may slide out of the oriﬁce
without resistance from friction or other processes. Consequently,
it is assumed that the normal force and the deﬂection at the mate-
rial point, which is currently located there, do vanish. Moreover,
the rotation of the cross-section belonging to this point of the axis
is hindered by the clamping device. Formally, the boundary condi-
tions read
X ¼ 0 : uðX ¼ 0Þ ¼ 0; wðX ¼ 0Þ ¼ 0; uðX ¼ 0Þ ¼ 0 ð48Þand
X ¼ l : wðX ¼ lÞ ¼ 0; uðX ¼ lÞ ¼ 0; NðX ¼ lÞ ¼ 0: ð49Þ3. Unknown length of the reference conﬁguration
One could think that the problem under consideration is fully
determined by either the variational formulation Eq. (43) or the lo-
cal ﬁeld equations Eqs. (44) and (45) supplemented by the partic-
ular constitutive relations and the boundary conditions. Yet, this is
not the case, since it has tacitly been assumed in the previous der-
ivations that the length l of the beam is known a priori. As the
beam may slide out due to the imposed load, the length of the ref-
erence conﬁguration of the beam that is currently located between
the two boundaries is not known. Neither is the material point at
which the boundary conditions on the right-hand side are to be ap-
plied. Correspondingly, one may write
l ¼ Lþ DL; ð50Þ
in which L is the known distance between the supports, whereas the
length DL of the additional portion still is to be determined.
From the numerical point of view, various solution strategies are
imaginable. As previously stated, ﬁnite elements are subsequently
used to ﬁnd approximate solutions. For this method, an obvious
possibility would be to utilize a sufﬁciently long beam, then gener-
ate the mesh, and ﬁnally solve the problem by iteratively adapting
both the point at which the boundary conditions are applied and
the region subjected to the external forces. The convergence behav-
ior of such an approach, however, would be rather poor most prob-
ably, because the position of the boundary conditions would not
coincide with the location of the nodes in general. In order to cir-
cumvent this problem, the mesh would have to be regenerated in
each iteration. Moreover, a larger amount of elements—and there-
fore degrees of freedom—than actually necessary would have to
be utilized. An elegant way of avoiding these issues is provided
by the following coordinate transformation. Let n denote a new ax-
ial coordinate, which is related to the material coordinate X by
n ¼ L
Lþ DL X; ð51Þ
then the domain in which a solution has to be found becomes
n 2 [0,L] instead of the previously variable domain X 2 [0,L + DL],
whose right boundary depends on the external forces. A transfor-
mation of that kind has also been used by Vu-Quoc and Li (1995)
for investigations on the dynamics of an axially sliding beam, for
which, however, the length l is variable yet known at all times.
The transformation (51) is linear in the material coordinate X since
it represents a mere scaling by a still unknown factor, for which the
abbreviation
c ¼ L
Lþ DL ; ð52Þ
is utilized. Each physical quantity of a material point represented by
a function—be it scalar-, vector-, or tensor-valued—of the coordi-
nate X may be expressed in terms of the new coordinate n by
f ðXÞ ¼ f ðXðnÞÞ ¼ f ðnðXÞÞ ¼ f ðnÞ; ð53Þ
where an over-bar is used to indicate the change in the argument of
the function. The chain-rule of differential calculus renders
f 0ðXÞ ¼ @
f ðnÞ
@n
@n
@X
¼ @
f ðnÞ
@n
c ¼ f 0ðnÞc; ð54Þ
for the ﬁrst derivative with respect to X of the function f(X), and
accordingly
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nf ðnÞ
@nn
cn; ð55Þ
for the nth derivative. A prime on a transformed function is used to
indicate the derivative with respect to n. With these transformation
rules at hand, it is possible to express the previously introduced
equations—in particular the ﬁeld Eqs. (44) and (45) as well as the
variational formulation Eq. (43)—in terms of the new coordinate
n. For the latter, which represents the foundation of the ﬁnite ele-
ment formulation to be used here, one obtainsZ L
0
NdeþMdj pxdu pzd w
	 

c1 dn ¼ 0: ð56Þ
Note that, in contrast to Eq. (43), the domain of integration in the
transformed representation Eq. (56) is known in advance. The
boundary conditions Eqs. (48) and (49) are also prescribed at ﬁxed
positions with respect to n, which do not vary with the applied load:
n ¼ 0 : uðn ¼ 0Þ ¼ 0; wðn ¼ 0Þ ¼ 0; uðn ¼ 0Þ ¼ 0 ð57Þ
and
n ¼ L : wðn ¼ LÞ ¼ 0; uðn ¼ LÞ ¼ 0; Nðn ¼ LÞ ¼ 0: ð58Þ
The ﬁnite element formulation utilized in the present work is
based on displacement degrees of freedom only. Consequently, in
Eq. (56), the stress resultants, which in turn depend on the strain
measures, and the variations of the strain measures have to be ex-
pressed in terms of the transformed components of the displace-
ment vector. For the normal force strain, one ﬁnds
e ¼ K0  1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ u0cð Þ2 þ w0cð Þ2
q
 1; ð59Þ
as well as
de ¼ c 1þ u
0cð Þdu0 þ w0dw0c
K0
; ð60Þ
for its ﬁrst variation. Analogously, the transformed bending strain
reads
j ¼ u0c ¼ c2 1þ u
0cð Þ w00  w0u00c
K20
; ð61Þ
from which the variation is obtained as
dj ¼ 2c3 1þ u
0cð Þ w00  w0u00c½  1þ u0cð Þdu0 þ w0d w0c½ 
K40
 c2 w
00du0c u00d w0cþ 1þ u0cð Þdw00  w0du00c
K20
: ð62Þ
The problem under consideration is not fully determined, since
the scaling factor c in the transformation involves the additional
length DL, which still is unknown. In order to close the set of equa-
tions, a relation for DL has to be provided. It is immediately recog-
nized that DL equals the negative axial displacement of the
material point of the axis which is currently located at the bound-
ary on the right side. The missing relation therefore reads
DL ¼ uðX ¼ Lþ DLÞ ¼ uðn ¼ LÞ: ð63Þ4. Numerical considerations and examples
Due to the non-linearity of the equations, closed-form solutions
of the extensible elastica can only be found for a few particular
load cases and boundary settings. Formulated with the angle u
as independent variable, the governing equation of a thin rod,
which is held and bent by terminal forces and couples, can be iden-
tiﬁed with the equation of motion of a rigid pendulum according to
Kirchhoff’s kinetic analogue (Love, 1944). Therefore, solutions can
sometimes be found in terms of elliptic integrals, see for exampleBisshopp and Drucker (1945) for the bending of an inextensible
cantilever. More recently, the buckling of an extensible elastica
has been investigated by Magnusson et al. (2001).
As soon as distributed forces are involved, the situation be-
comes more complicated, since then closed-form solutions do
not exist for large deformations. For a uniformly distributed verti-
cal load, the term heavy elastica is used, as the weight of the struc-
ture represents the probably most prominent load case. A review
on the extensive literature on the heavy elastica and the various
numerical methods applied to it is given byWang (1986). The solu-
tion strategies range from polynomial expansions, see for instance
the early work by Rohde (1953), to various ﬁnite element schemes.
A special ﬁnite element formulation, which takes the unknown
length of the reference conﬁguration into account, is developed
and outlined shortly in what follows.
4.1. Finite element formulation
The variational formulation Eq. (56) can be written in the fol-
lowing ﬁxed-point form,
Fðu; duÞ ¼ 0; ð64Þ
which is non-linear in the displacement u and linear in the virtual
displacement du. In order to ﬁnd an approximate solution, Newton’s
iteration is applied, which requires the non-linear form Eq. (64) to
be linearized. In the present work, the linearization is performed
in the continuous domain prior to discretization. Let
DFðDu; duÞ ¼ lim
s!0
d
ds
Fðuþ sDu; duÞ
 
; ð65Þ
denote the directional derivative of the non-linear form Fðu; duÞ
with respect to the displacement—a bi-linear form in the incre-
ments of the displacement Du and the virtual displacements du—
then the linearized problem reads
DFðDu; duÞ ¼ Fðu; duÞ: ð66Þ
A ﬁnite element method based on displacement degrees of free-
dom is utilized. One also refers to this type of approach, in which
no rotational degrees of freedom are used, as absolute nodal coor-
dinate formulation. The components of the (transformed) displace-
ment vector, u and w, as well as their ﬁrst and second spatial
derivatives, u0; w0; u00 and w00 represent the degrees of freedom of
a node. Consequently, an element with two nodes possesses twelve
degrees of freedom, which may be gathered in the vector of ele-
ment coordinates q,
q ¼ u1 w1u01 w01u001 w001u2 w2u02 w02u002 w002
 T
; ð67Þ
where the index distinguishes the left node (1) from the right one
(2). Pursuing the matrix notation, one may express the interpolation
of the displacement vector in terms of the shape function matrix R
and the degrees of freedom of an element as
u ¼ Rq: ð68Þ
The shape functions S1, . . . ,S6 are organized in the shape function
matrix in such a way that
R ¼ S1I S2I S3I S4I S5I S6I½ ; ð69Þ
where I denotes the 2  2 unit matrix. For the independence of the
coordinates, ﬁfth-order polynomials are required for the interpola-
tion, which are given as follows for an element of the length L:
S1 ¼ 1 10 nL
 3
þ 15 n
L
 4
 6 n
L
 5
; ð70Þ
S2 ¼ nL 6
n
L
 3
þ 8 n
L
 4
 3 n
L
 5
; ð71Þ
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n
L
 2
 3
2
n
L
 3
þ 3
2
n
L
 4
 1
2
n
L
 5
; ð72Þ
S4 ¼ 10 nL
 3
 15 n
L
 4
þ 6 n
L
 5
; ð73Þ
S5 ¼ 4 nL
 3
þ 7 n
L
 4
 3 n
L
 5
; ð74Þ
S6 ¼ 12
n
L
 3
 n
L
 4
þ 1
2
n
L
 5
: ð75Þ
For a convenient numerical integration, a normalized coordinate is
introduced, which requires a transformed set of Eqs. (70)–(75) to be
implemented.
The same interpolation as for the displacement ﬁeld is chosen
for both the displacement increment and the virtual displacement,
hence
Du ¼ RDq; ð76Þ
as well as
du ¼ Rdq: ð77Þ
Now, substituting the interpolations Eqs. (68), (76) and (77), the lin-
earized variational formulation Eq. (56) turns into
DFðDq; dqÞ ¼ Fðq; dqÞ: ð78Þ
Performing integration over the element, one obtains the discrete
variational formulation, which may be written in matrix notation as
dq  KðqÞDq ¼ dq  f ðqÞ; ð79Þ
which gives a system of twelve linear equations
KðqÞDq ¼ f ðqÞ: ð80Þ
In the previous equations, K and f denote the element stiffness ma-
trix and the load vector, respectively. If the beam is partitioned
into n ﬁnite elements, the global system of 6n + 6 equations is
formed by assembling the element stiffness matrices and vectors
appropriately. Without going into detail, it should be annotated
that the geometric boundary conditions are enforced by Lagrange
multipliers, by which ﬁve equations are added for the setting un-
der investigation.
A few words on the treatment of the additional length DL seem
to be in order. As previously shown, the problem is closed by intro-
ducing the algebraic relation Eq. (63), so that the system of equa-
tions could actually be solved directly. Nevertheless, an
incremental approach is utilized, in which a converged solution
of the displacement ﬁeld is constructed ﬁrst keeping DL ﬁxed, be-
fore the calculation is repeated with an updated DL. Although the
computational expense seems to increase at the ﬁrst glance, this
solution strategy has proven to be more stable, in particular, as
soon as the critical load is approached and convergence becomes
critical.
4.2. External forces
In the present study, the probably most natural load case of a
uniformly distributed force in vertical direction is investigated.
For a homogenous beam, a load of this kind is equivalent to the
force originating in the gravitational ﬁeld, which is proportional
to the density of the structure in the reference conﬁguration. The
load vector per unit undeformed length then takes a particularly
simple form, since the horizontal component vanishes identically,
px = 0, so that
p ¼ pze; pz ¼ const: ð81Þ
As it is assumed that the force does not vary throughout the length
of the beam, the coordinate transformation Eq. (51) yieldspz ¼ pz ¼ const: ð82Þ
The transformed variational formulation Eq. (56) consequently
reads
Z L
0
NdeþMdj pzd w
	 

c1 dn ¼ 0: ð83Þ4.3. Non-dimensional setting
For the sake of generality, the results are presented in a non-
dimensional setting. To this end, the span L between the two clamp-
ing devices is used for the scaling, i.e. n/L is the non-dimensional
coordinate in axial direction. Similarly, the transversal deﬂection
and the axial displacement are made non-dimensional by relating
them to the span. Hence, one obtains the non-dimensional
quantities w=L and u=L.
Pursuing this procedure, two non-dimensional similarity
parameters are identiﬁed, by which the problem is completely gov-
erned. The ﬁrst parameter, which is denoted by g, provides a rela-
tion between the extensional stiffness YA and the bending stiffness
YJy of the beam:
g ¼ YA
YJy
L2: ð84Þ
In case of homogeneous rectangular cross-sections, which are con-
sidered here for the sake of simplicity, g is fully determined by the
ratio of the height of the cross-section and the span:
g ¼ 12 L
h
 2
: ð85Þ
The second parameter is the non-dimensional load factor k, which
relates the bending stiffness to the external force per unit length:
k ¼ pzL
3
YJy
: ð86Þ
Provided that the beam has to bear its own weight as the only load,
k may be expressed in terms of the density . as
k ¼ 12.gL
3
Yh2
; ð87Þ
where g denotes the constant of gravitation.
In order to verify the approximate solutions by comparison, the
results in Table 2 of Pulngern et al. (2005b), who considered an
inextensible elastica, for which one end is hinged, while the other
slides over a frictionless point support, have been reproduced to a
satisfactory degree using the linear constitutive behavior. A de-
tailed study on the effects of extensibility and non-linear material
behavior for this different boundary setting will be conducted in
the future.
4.4. Results
With the aid of the numerical method described above, the crit-
ical loads and corresponding equilibrium conﬁgurations are stud-
ied for various beam geometries on the one hand, and for the
different types of material behavior on the other hand. To this
end, the beam is partitioned into 256 ﬁnite elements, which has
proven to be sufﬁcient to obtain converged results. In order to
determine the maximum force the beam can carry, the load factor
k is gradually increased by a small increment, which in turn is re-
duced as soon as no equilibrium is found any more. The calcula-
tions have been carried out for a number of different beam
proportions, starting from height-to-length ratios of 104 up to
5  102. Within this range, the assumption of shear deformation
Fig. 4. Comparison of the critical load factor kcrit of the extensible elastica and the
St. Venant–Kirchhoff type material on a logarithmic scale.
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Ziegler (1998).
In Table 1, the values of the critical load kcrit, the maximum non-
dimensional deﬂection of the corresponding equilibrium conﬁgu-
ration wcrit=L, which is found at the mid-span n/L = 1/2, and the
non-dimensional length DLcrit/L, by which the reference conﬁgura-
tion exceeds the span L, are presented for different values of h/L
and for both the extensible elastica and the St. Venant–Kirchhoff
type material.
First, it is observed that for very slender beams with a small
height-to-length ratio, the critical load values as well as equilib-
rium shape are approximately the same. An explanation can be
found in the constitutive relations of the bending moment, Eqs.
(33) and (40): for smaller values of h/L, and conversely for an
increasing ratio between extensional and bending stiffness g, the
beam axis becomes more and more inextensible. For an inextensi-
ble beam, which exclusively exhibits bending deformation and for
which the axial strain vanishes identically, e = 0, the expressions
for the bending moment Eqs. (33) and (40) resemble closely. The
only difference is the third-order term in material curvature j in
the relations of the St. Venant–Kirchhoff material. In the problem
under consideration, however, j is small compared to one, which
is why the results are very much alike.
For increasing values of the height-to-length ratio, the two dif-
ferent types of constitutive modeling feature a reverse characteris-
tic. In case of the extensible elastica, both the critical load factor
and the scaled maximum deﬂection increase with the beam getting
thicker compared to its length, whereas the non-dimensional
length of the reference conﬁguration decreases. For the St.
Venant–Kirchhoff material, the converse behavior is observed,
see Fig. 4.
Chucheepsakul et al. (1995) have shown that a second unstable
equilibrium conﬁguration exists in case of the previously described
beam with hinged ends for each load below the critical value. Each
perturbation of such a conﬁguration, in which the deﬂection ex-
ceeds the deﬂection at the critical load, induces the beam to slide
out inﬁnitely. With the ﬁnite element approach employed here, it
has not been possible to ﬁnd unstable conﬁgurations in the present
setting. Provided these do exist, a shooting method as presented by
Chucheepsakul et al. (1994) could be utilized for the detection.
Finally, the results of the geometrically exact relations pre-
sented above are compared to those obtained from a beam theory
of lower order. The ﬁrst-order non-linear strain–displacement rela-
tion is obtained from Eq. (20) by a binomial series expansion as
e  u0 þ 1
2
ðw0Þ2: ð88Þ
The angle u is approximated by the negative derivative of the
deﬂection,
u  w0; ð89Þ
from which the material curvature simply follows as
j  w00: ð90ÞTable 1
Critical load factor, maximum deﬂection, and additional length for various beam geometr
h/L kcrit wcritðn ¼
Ext. elastica SVK Ext. ela
1  104 81.7912943 81.7912858 0.42074
1  103 81.7914615 81.7906093 0.42075
1  102 81.8081813 81.7228531 0.42083
2  102 81.8588854 81.5161912 0.42109
3  102 81.9435193 81.1671184 0.42151
4  102 82.0622741 80.6680568 0.42210
5  102 82.2154184 80.0068343 0.42284Similar to the extensible elastica, the normal force and the bending
moment are proportional to the (approximate) axial strain and the
(approximate) curvature. For the present problem, the governing
differential equations then follow from a variational principle
(Simitses and Hodges, 2006) as
N0 ¼ 0; ð91Þ
Nw0 þM0	 
0 þ pz ¼ 0: ð92Þ
Since N(X = L + DL) = 0 holds at the right boundary, the normal force
and the axial strain vanish in the whole domain, hence N = 0 and
e = 0. Eq. (92) is reduced to the ﬁrst-order beam theory, i.e.
w
0000 ¼ pz
YJy
; ð93Þ
which may be integrated immediately. Considering the boundary
conditions, w(X = 0) = 0, w(X = L + DL) = 0, w00(X = 0) = 0, and
w00(X = L + DL) = 0, one ﬁnds
w ¼ pzðLþ DL XÞ
2X2
24YJy
: ð94Þ
As the strain e is zero, the axial displacement is obtained from Eq.
(88)
u ¼ 
p2z X
3 70l4  315l3X þ 546l2X2  420lX3 þ 120X4
 
60480ðYJyÞ2
; ð95Þ
where l = L + DL is used again for the sake of brevity. Recalling Eq.
(63), the following relation between the external load pz and the
additional length DL is established:
DL ¼ p
2
z ðLþ DLÞ7
60480ðYJyÞ2
: ð96Þ
From this equation, the critical load factor may be determined sym-
bolically asies.
0:5LÞ=L DLcrit/L
stica SVK Ext. elastica SVK
80 0.4207561 0.3726535 0.3726660
58 0.4207553 0.3726633 0.3726644
95 0.4205884 0.3725805 0.3723673
27 0.4200392 0.3723279 0.3714035
13 0.4191191 0.3719004 0.3698028
02 0.4176383 0.3713039 0.3672923
84 0.4154332 0.3705191 0.3636531
Fig. 5. Comparison of the equilibrium shapes of the extensible elastica, the St.
Venant–Kirchhoff model, and the linear theory for a height-to-length ratio of
h/L = 5  102 at the respective critical load.
Fig. 6. Comparison of the mid-span deﬂection of the extensible elastica and the
linear theory for a height-to-length ratio of h/L = 1  103.
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ﬃﬃﬃﬃﬃﬃ
15
p
: ð97Þ
Based on this result, the corresponding non-dimensional values of
the maximum deﬂection, and the additional length are found:
wcrit
L
¼ 7
32
ﬃﬃﬃ
5
3
r
;
DLcrit
L
¼ 1
6
: ð98Þ
As a consequence of the vanishing normal force, the behavior of the
beam is not inﬂuenced by the extensional stiffness since only bend-
ing deformation is relevant.
In Fig. 5, the equilibrium conﬁgurations at the respective critical
load of the geometrically exact relations and the linear beam the-
ory are compared. The linear relations obviously fail to capture the
behavior of the beam correctly as the maximum deﬂection is sig-
niﬁcantly smaller. Moreover, it can be seen that for comparably
thick beams the constitutive modeling does have a notable inﬂu-
ence on the equilibrium shape.
Fig. 6 shows the relation of the non-dimensional mid-span
deﬂection to the load factor. For small values of k, the linear theory
agrees with the geometrically exact relations. With an increasing
load, however, the behavior diverges more and more, and it ﬁnally
turns out that the critical load obtained the linear beam theory is
roughly 71% of the critical load found with the non-linear theory.
5. Concluding remarks
In the present work, the critical load and the equilibrium conﬁg-
uration of a slender beam with an unknown length of the referenceconﬁguration under a uniformly distributed load have been inves-
tigated. The study has been performed utilizing a geometrically ex-
act beam theory based on Reissner’s relations for the case of a
plane deformation. The constitutive relations of both the extensi-
ble elastica and the St. Venant–Kirchhoff type have been incorpo-
rated by establishing a connection between the strain measures
and stress resultants of the beam theory and of non-linear contin-
uum mechanics. In order to conveniently ﬁnd approximate
solutions using a ﬁnite element formulation, a coordinate transfor-
mation has been introduced, by which the problem of non-material
boundary conditions has been circumvented. Besides the two dif-
ferent types of elastic material behavior, the inﬂuence of the axial
extensibility has been examined in the present study. It has been
shown that within the range, in which the Bernoulli–Euler
assumptions are valid, the axial deformation indeed affects the
critical load and the corresponding equilibrium conﬁguration of
the beam. Finally, a comparison of the exact relations with the lin-
ear beam theory has shown that the latter fails to represent the
behavior of the beam correctly.
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